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Abstract 

We study the structure of the phase space of generic models of deformed special relativity 
which gives rise to a definition of velocity consistent with the deformed Lorentz symmetry. 
In this way we can also determine the laws of transformation of spacetime coordinates. 
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1. Introduction 

Recently, the idea that the symmetry group of spacetime at energy close to the Planck 
scale could be a deformation of the Poincare group has been widely investigated [1-4] . This 
hypothesis is motivated by the observation that the Planck energy k, whose role is essential 
in the formulation of the theories of quantum gravity, might be a fundamental constant of 
physics on the same ground as the speed of light, and should therefore be left invariant by 
the group of transformation of spacetime. This may be achieved by deforming the Poincare 
group in such a way that its action on momentum space leaves the energy k invariant [3-4] . 

Unfortunately, this assumption is not sufficient to single out a unique deformation of 
the Poincare group, even if one introduces further physical requirements, as for example the 
request that in the low energy limit the deformation tends to zero. One is lead therefore 
to define a large class of different models, usually called deformed (or doubly) special 
relativity (DSR) theories. The first example of these, obtained from purely algebraic 
investigations, was the K-Poincare group [1-2]. Later, different models were derived from 
physical arguments [3-4]. 

All these models are characterized by the property that the deformations are realized 
as a nonlinear action of the Lorentz group on the momentum space [4-5]. This definition 
however leaves the action of the Lorentz group on the coordinate space undetermined. It 
is evident that such action cannot be the same as in special relativity, and in particular 
cannot be independent of the momentum of the particle on which it is applied. A further 
complication is the possibility, suggested by the /^-Poincare approach, that the geometry 
of spacetime be noncommutative [1-2]. 

From these considerations, it is also clear that the kinematics and the dynamics of 
point particles must be modified if one wants to obtain a picture consistent with the 
deformed spacetime symmetries. In particular, the definition of the velocity of a particle 
is problematic in DSR models [6-11]. In absence of a definite description of spacetime, 
the velocity of a particle must in fact be defined in terms of its momentum, but since the 
dispersion relations are deformed in DSR, several inequivalent prescriptions are possible. 
For example, if one adopts the naive definition Vj = Pi/po, the velocity of a particle depends 
on its mass [9], and the speed of light is energy dependent. The same problems arise if one 
defines the velocity as Vj = dpo/dpi, as proposed by some authors [3,12]. These drawbacks 
can be overcome if one requires that the velocity be a property of the reference frame 
rather than of a specific object and hence defines it in terms of boosts [10]. 

The expression for the velocity obtained in this way can be derived from a Hamiltonian 
description of the motion of free particles only by postulating noncanonical Poisson brack- 
ets [2,7-8]: in particular the Poisson brackets between space and time coordinates cannot 
vanish. This property can be interpreted as the classical counterpart of a noncommuta- 
tive geometry. Although several specific examples are given in the literature [7-8,13-14], 
no general prescription is known for defining the Hamiltonian structure for generic DSR 
models. 

Fixing the Hamiltonian structure is also useful for the determination of the transfor- 
mation laws of coordinates. In [13], in fact, the transformation laws were derived from the 
requirement that the action functional be a scalar under deformed Lorentz transformations 
(DLT). Although the methods of [13] worked well for the Maguejo-Smolin model [4], they 
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led to inconsistencies in the case of the K-Poincare model of ref. [1]. In fact, the same 
definition of velocity can be obtained from several inequivalent Hamiltonian structures, 
but in general these do not lead to the correct transformation rules under DLT. One must 
therefore check that the velocity transforms in the correct way. This was not the case for 
the Hamiltonian structure of the K-Poincare model discussed in ref. [13]. 

In this paper, we try to extend the results of [13] to generic DSR models, giving the 
conditions that must be satisfied by the Poisson brackets in order to obtain the definition 
of velocity of ref. [10] obeying the correct transformation laws. Although in the general 
case these conditions are too difficult to be solved, we give some explicit examples where 
this can be done. 



2. Hamilton equations 

According to the approach of ref. [5], since the symmetry group of DSR theories is 
a nonlinear realization of the Lorentz group, there must exist a function n = with 
inverse p — 5>(7r), that maps the physical momentum p into an unphysical momentum tt 
which transforms linearly under Lorentz transformations. 

The action of a deformed Lorentz transformations on p will then be given by the 
composition 

= $ o A o (1) 

where tt' = A(7r) is the linear action of a Lorentz transformations on tt. The kincmatical 
quantities of the physical theory transforming in the correct way under deformed Lorentz 
transformations should then be defined through this mapping. For example, this method 
has been used to obtain a consistent definition of the addition law for momenta [5] . 

Using this prescription, Kosinski and Maslanka [10] have shown that a definition of 
the velocity vector compatible with the group structure of the DLT is given by*. 

i.e. the velocity of DSR must coincide with that defined in the standard way from the 
unphysical momentum tt. It follows that under DLT the velocity transforms as in special 
relativity. In particular, under a boost, 

Sv=l- (3) 



In [9] it was also argued that the definition (2) is the only one that satisfies the natural 
requirement that the velocity of a particle be independent of its mass. Moreover, it implies 
that the speed of light is energy independent and always equal to 1. 

In order to write down a Hamiltonian formalism in which (2) arises as the natural 
definition of the velocity, v = qi/qo, we examine in more detail the theory. According to 

^ For simplicity, we work in two dimensions, but the results can be easily generalized. 
We denote 2- vectors indices by a,b... = 0, 1, and 1-vectors by bold letters. The signature 
is (+, — ), and the coordinates of a particle are denoted by qa- 
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the previous considerations, we assume that the components of the unphysical momentum 
TTa {O' = 0, z), satisfying the mass-sheU constraint ttq — tt\ = m^, can be written in terms 
of the physical momentum Pa as 

TTo = F{po,pI), TTl = G{po,pI)pi, (4) 
We write the inverse relations as 

po ^ F{7To,nl), pi ^ G{no,nl)ni. (5) 
In this notation, the definition (2) of velocity is 

G{po,pi) . . 

V=Tv ^Pl■ (6) 

F{po,Pi) 

In general, this expression of the velocity cannot be obtained from the Hamiltonian for- 
malism with canonical Poisson brackets. Nevertheless, as we shall see, it can be recovered 
if one admits a more general symplectic structure [7-8] . 

It must also be remarked that the transformation laws for the momenta can be derived 
from (1). In fact. 

Pa = Wa{p), (7) 

where 

Wo = F{7r'o,7r[), W, = G{7r'o,7r[). (8) 

As usual, the Hamiltonian H for a free particle can be defined as the Casimir operator 
of the deformed algebra. 

Then the velocity of a particle is by definition 

^1 LOiodH/dpo+uJiidH/dpi 



qo loqqOH / dpQ + uoidH / dpi 



(10) 



where ujab = {QaiPb}-, and qa = dqa/dr is the derivative of the position coordinate qa with 
respect to the variable r that parametrizes the trajectory. The second equality follows 
from the Hamilton equations. In the following, we shall assume that the uJab ai'e functions 
of the momenta, but not of the coordinates. We also postulate {pa,Ph\ = 0. 

Equating the expressions (6) and (10) for v, one can obtain an algebraic relation 
between the ujah- This relation is not sufficient to fix them uniquely. However, further 
constraints arise from the transformation law of the velocity. Consider first the infinitesimal 
transformation laws of the momenta arising from (7), 

^Pa = {J, Pa) = Wa{p), (11) 
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where J is the generator of the deformed boosts. Inserting (11) into the Jacobi identities 

{{J, Qa},Pb} + {{qa,Pb}, J} + {{Pb, J}, Qa} = 0, (12) 

one can derive the infinitesimal transformation laws of the coordinates 

Sqa = {J, Qa} = Uab{p) Qb, (13) 

where the functions Uab depend on Wa, u)ab and their derivatives with respect to Pa- 

Since pa = 0, deriving (13) with respect to r, one obtains that the (ja transform as 
the Qa- For consistency, the velocity defined by (10) must also transform as (3). Hence, 

^v^^f^U^°"^-^-~^^^°-^"=l-4, (14) 

and therefore the Uab must satisfy 

uoi = Mio = 1 uoo = till = f{p), (15) 

for some function f{p). Substituting (15) in (12) and equating (6) and (10) one obtains 
a system of one algebraic and four partial differential equations for the five functions Uab 
and /. 

After solving them, from the Jacobi identities 

{{Qa, qb},Pc} + perms. = 0. (16) 

one can obtain the Poisson brackets between the coordinates. In general {qQ,qi} ^ 0, 
indicating the necessity of a noncommutative geometry. 

It is interesting to note that, if the conditions (15) hold, the line element cZcr^ = 
dqQ — dqf transforms in a simple way, as 

6{da^)^2f{p)da^ (17) 

and is therefore possible to construct an invariant "metric" by multiplying du^ by a suitable 
function of the momentum pa- 

Moreover, following [8], we notice that (6) and (10) imply that 

Qo-^Fip), q,^^G{p)p,, (18) 
m m 

for some function A{p). In term of differentials, 

dqo = ^ F{p) dr, dq, = ^ G{p) p, dr, (19) 
m m 



and hence 

dg2 _ dqf = ^2 (-F^'-g'Pi) ^^2 ^ ^2^^) ^^2_ (20) 



Consequently, the proper time dr is given by the hne element da times a function of the 
momentum. It is easy to see that the proper time so defined must be invariant under DLT 
and can then be identified with the above defined "metric". It must also be remarked that 
since in general the variable a is different from the proper time r that parametrizes the 
trajectories, the modulus of the 2-velocity is not unitary. A more detailed discussion of 
the interpretation of these results will be given elsewhere. 

3. Examples 

The conditions introduced in the previous section give rise to a system of partial 
differential equations for the Uab, that in general is extremely difficult to solve. However, 
if F and G depend only on the energy pq, it reduces to a system of ordinary differential 
equations, and there is some chance to obtain a solution. For example, this is possible in 
the case of the Maguejo-Smolin model, as discussed in [13]. We present here two other 
models where an explicit solution can be obtained, namely the Poincare subalgebra of the 
deformed conformal algebra introduced by Herrantz in ref. [15], and the Heuson model of 
ref. [16]. 

a) The Herrantz model 

This model is defined by the functions [15] 

F = K (eP°/^ - l) , G = 1, (21) 

that give for the velocity 



Pi 



(22) 



K{ePo/'^ - 1)' 

The transformation laws of the momentum under a boost of rapidity ^ are 

Pq = Klog A, p[ = pi cosh^ + K(e^°/'^ - 1) sinh^, 

with A = 1 + (ef °/« - 1) cosh e + — sinh ^. (23) 

K 

In infinitesimal form, 

5po = pie-^°/", 5p^ = Av(eP°/" - 1). (24) 
The Hamiltonian reads 

1 



H = ^ 
2m 



^2(gPo/«_l)2_^2 ^ ^25) 

and the conditions of the previous section are satisfied by the Poisson structure 

a;oi=c^io = 0, 0^00 = 1, u;ii = -eP°/\ (26) 
In view of (16), {qo.,qi} = qi/n. Prom (25) and (26) follow the Hamilton equations 

^0 = — e^'°/'^(e^o/'^ - 1), qi = ^^/^^, (27) 
m m 
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from which one recovers (22). 

Using (12) one can then obtain the exphcit infinitesimal transformation laws for the 
coordinates 

Sqo = gi + - e-P°/'^go, Sqi = go + - e-P°/'^gi. (28) 

K K 

The line element da'^ = dq^ — dqf transforms therefore as 



5{da^) = 2^e-P°/'^d(7^ (29) 

K 

and hence the form 



dr^ = e-^P°/^{dql-dql) (30) 

is invariant under infinitesimal DLT. This is the proper time, as defined in (20). 

Following ref. [13], it is also possible to find the finite form of the deformed transfor- 
mation laws for the coordinates consistent with the Hamiltonian structure. It is known 
that the Hamilton equations for systems with nonstandard symplectic structure can be 
derived from an action principle [18]. Given a phase space with symplectic structure 
{Qaj Qb} = ^ABj where Qa denotes either the coordinates or the momenta, one defines 
the functions R'^{Qa) such that 

dQs dQA~ ' ^ ^ 

where O"^^ is the inverse of ^ab- The Hamilton equations can then be obtained varying 
with respect to Qa the action 

1 = j {R^Qa - H)dT. (32) 

Note that in general the action so defined contains derivatives of the momenta. 

In our case, we define Qi = go; Q2 = qi, Qs = Po, Qa = Pi- Inverting Qab, one finds 
for fi"^-^ the nonvanishing components fi^^ = —Q^^ = —1, Q'^^ = — = e~'P°/'^, and 
f]34 ^ _^43 ^ q^e-Po/'^_ Solving (31), one has then 

R^ = po, R^ = -pie-Po/", R^ = e-Po/'^, R"^ = 0. 

K 

Substituting in (32) and integrating by parts one obtains 



J [qoPo - gie-P^/'^pi + if] dr, (33) 

and can identify the variables conjugated to the momenta Pa as 

ro = go, r-i = -qie-P°/\ (34) 
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In order for the action to be invariant under DLT, the must transform controvari- 
antly, i.e. as 

r'^ = Aab{p) Tb, (35) 

where Aab = {dWb/dpa)~^ ■ Prom (34) and (35), it foUows after some calculations that the 
coordinates transform as 

5^ = e-f°/'^A(coshC 9o + sinhC 9i), = e-f°/'^A(sinh^ + cosh^ 9i), (36) 

i.e. as a Lorentz transformations times a momentum-dependent factor. 

Differentiating (36), and recalling that pa = by the field equations, one easily sees 
that the transform as the Qa and that the velocity v transforms in the required fashion. 
Moreover, the "metric" (30) is invariant also under finite boosts. 

b) The Heuson model 

This model was introduced in ref. [16] (see also [17]) and is analogous to that of ref. [4]. 
It is defined by 

" G = ^^. (37) 



1 _ 4 Ji-4 

K-' V « 

From (6) one gets the velocity 

v = ^. (38) 

Po 

The transformation laws of the momentum under a boost of rapidity ^ are 

, Po cosh ^ + pi sinh ^ / _ Po sinh ^ +pi cosh ^ 

Po = 5 Pi — ; 



with r= -y/l- 4 + ^(PoCOshe + PisinhO^. (39) 



In infinitesimal form, 



5po=Pi(l-4V 6p,^po(l-4]- (40) 



The Hamiltonian reads 



H = ^±l4, (41) 



and the conditions of consistency are solved by the functions 

,2 



ujoi = ^10 = 0> ^00 = 1 ^, ^11 = -1- (42) 



From (41) and (42) follow the Hamilton equations 



Po/m . pi/m 
Qo = -T, Qi = zr- (43) 



1-^ 1-^ 



which yield the velocity (38). The Jacobi identities (16) imply a nontrivial Poisson bracket 
between space and time coordinates, {qo,qi} = PoQi/k'^- 

Using (12) one can deduce the infinitesimal transformation laws for the coordinates 

r . POPl r . POPl / , .X 

dqo = qi-\ ^go, dqi = qo-\ ^qi, (44) 

and for the line element dcr^, 

S{d<7^) = 2^da'. (45) 

dr' = (l - ^ydqi - dq',) (46) 

is invariant under infinitesimal DLT. 

Proceeding as in the previous example, one can obtain also the finite transformations. 
The equations of motion can be derived by the action 



It follows that the form 



/= - 



qo+PoPiqi . • , o- 

— z 1-^ — po - qiPi + H 

and therefore the variables conjugated to the momenta pa are 



dr, (47) 



ro = — — , ri = -gi. (48) 

1 -po/« 

Prom the transformation rules of the r^, one can then obtain the transformation laws for 
the coordinates 

^0 = r(cosh^ qo + sinh^ qi), q[ = r(sinh^ qo + cosh^ qi). (49) 

As in the previous example, they look like the Lorentz transformations except for a 
momentum-dependent factor. One can easily check that under (49) the velocity v trans- 
forms in the correct way and the "metric" (46) is invariant. 

4. Conclusions 

We have established the conditions that the Poisson structure of DSR models must 
satisfy so that the Hamilton equations yield an expression for the velocity of a particle 
which is consistent with the DLT, and have given two explicit examples of their application. 

We have obtained one algebraic and four differential equations for five unknown func- 
tions, and this should be sufficient to fix uniquely the Poisson structure. However, a general 
algorithm to solve these conditions is not available. In particular, we have not been able 
to find a solution in the case of the K-Poincare model of ref. [1-2] . 

From the requirement of invariance of the action it is also possible to deduce the laws 
of transformation of the coordinates of a particle. Their main peculiarity is the depen- 
dence on the momentum of the particle, and this suggests that a consistent description of 
spacetime in DSR theories should involve the full phase space. In particular, the proper 
time, invariant under DLT, is given by the product of the line element da with a suitable 
function of the momentum. 
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